We consider a system of N nonrelativistic particles of spin 1/2 interacting with the quantized Maxwell field (mass zero and spin one) in the limit when the particles have a small velocity, imposing to the interaction an ultraviolet cutoff, but no infrared cutoff. Two ways to implement the limit are considered: c → ∞ with the velocity v of the particles fixed, the case for which rigorous results have already been discussed in the literature, and v → 0 with c fixed. The second case can be rephrased as the limit of heavy particles, m j → ε −2 m j , observed over a long time, t → ε −1 t, ε → 0 + , with kinetic energy E kin = O(1).
Introduction
A system of nonrelativistic particles of spin 1/2 interacting with the quantized radiation field is described by the so-called Pauli-Fierz Hamiltonian, or "nonrelativistic quantum electrodynamics". The model is thought to have an extremely wide range of validity, apart from phenomena connected to gravitational forces and from other ones typical of high-energy physics like pair creation, whose description requires the use of full relativistic QED.
This belief is mainly based on the analysis of some formal limit cases, which can be accurately studied both from a theoretical and an experimental point of view. Indeed, the interaction between charged particles is usually described by instantaneous pair potentials of Coulomb-type, without introducing the field as dynamical variable. This is known to be a good approximation if the particles move sufficiently slowly. One aim of this paper is a mathematically rigorous justification of this fact, i. e., the derivation of the Schrödinger equation with Coulomb potentials, and the second order velocity dependent corrections to them, starting from nonrelativistic quantum electrodynamics. In addition, a formula is provided for the wave function of the radiated photons and the corresponding radiated energy, which is the quantum equivalent of the Larmor formula of classical electrodynamics.
In more detail the model considered is given, excluding the addition of the electronic spin, by the canonical quantization of a system of N classical charges interacting through the Maxwell field.
A sharp ultraviolet cutoff is introduced assuming that each charge has a charge distribution given by ̺ j (x) = e j ϕ(x), x ∈ R 3 ,
where the form factor satisfiesφ(k) = (2π) −3/2 for |k| ≤ Λ, 0 otherwise (note that there is no infrared cutoff ).
The classical equations of motion are given by 1 c ∂ t B(x, t) = −∇ × E(x, t),
with the constraints ∇ · E(x, t) = N j=1 e j ϕ x − q j (t) , ∇ · B(x, t) = 0,
and the Newton equations for the particles, m lql (t) = e l [E ϕ (q l (t), t)) +q l (t) c × B ϕ (q l (t), t)], l = 1, . . . N,
where E ϕ (x, t) := (E * x ϕ)(x, t) and analogously for B ϕ . The canonical quantization of this system in the Coulomb gauge is described, e. g., in ( [Sp] , chapter 13). The Hilbert space of the pure states is given by H := H p ⊗ F .
The space for the particles, H p , is defined by
where R 3 is the configuration space of a single particle and Z 2 represents its spin.
The state space for a single photon is L 2 (R 3 × Z 2 ), where R 3 is the momentum space of the photon and Z 2 represents its two independent physical helicities. The photon Fock space is therefore
where ⊗ M (s) denotes the M-symmetric tensor product and ⊗ 0 (s) L 2 (R 3 × Z 2 ) := C. We denote by Ω F the vector (1, 0, . . .), called the Fock vacuum.
The dynamics of the system are generated by the Hamiltonian
where all the operators appearing are independent of c and we use units in which = 1. σ j is a vector whose components are the Pauli matrices of the jth particle, A ϕ (x j ) denotes the quantized transverse vector potential in the Coulomb gauge, V ϕ coul is the smeared Coulomb potential and H f the free field Hamiltonian. The reader who is not familiar with the notation is advised to look at section 2, where the model is described in more detail.
To implement practically the idea that the particles move "slowly", a standard procedure, applied also in classical electrodynamics (see, e.g., [Ja] , [LaLi] ), is to take the limit c → ∞ 2 . Since c is a quantity with a dimension, one should actually say that |v|/c → 0, where v is a typical velocity of the particles. This can be achieved in two ways, fixing v and letting c → ∞ or fixing c and letting v → 0.
In the classical case this is reflected in the fact that the limit c → ∞ is equivalent, up to a rescaling of time, to the limit of heavy particles, as one can easily verify replacing in equations (2)-(4) m l with ε −2 m l , t with ε −1 t, and looking at the limit ε → 0.
We will show that in the quantum case the two procedures are non equivalent anymore, a fact that can be intuitively explained by the presence of an additional scale given by .
In this paper we concentrate on the limit of heavy particles observed over a long time. An additional aim is to point out similarities and differences between the two limits in the quantum context and to compare the results we get for the Pauli-Fierz model with the ones valid for the Nelson model, where the particles and the photons are spinless, [TeTe] .
The case c → ∞, as observed by Spohn [Sp] , has the form of a weak coupling limit. This was already noted for the Nelson model by Davies [Da 2 ], who formulated also a general scheme to analyze the limit dynamics in the weak coupling case [Da 1 ] (an extended notion of weak coupling limit for Pauli-Fierz systems in which the Hilbert space of the particles is finite dimensional has been examined in [DeDe] ).
Davies looks loosely speaking at the limit λ → 0 for the time evolution generated by an Hamiltonian of the form λ −2 (H 0 + λH int ), which corresponds physically to a weak interaction, whose effect is however observed over the long time scale λ −2 .
2 In the classical case, a more refined and precise analysis is carried through in [KuSp 1 ], [KuSp 2 ]. The authors consider, loosely speaking, initial conditions which represent free particles moving together with the field they generate ("dressed" particles or charge solitons), with a velocity of order O(ε 1/2 ) with respect to the speed of light. Assuming that the particles are at time t = 0 far apart (relative distance of order O(ε −1 )) and rescaling suitably the dynamical variables, they show that the particles remain at a relative distance of order O(ε −1 ) for long times (of order O(ε −3/2 )) and on this time scale their motion is governed by effective dynamics. The possibility to implement an analogous limit in the quantum case is unclear, because there is no obvious quantum counterpart to the classical charge solitons. The Pauli-Fierz Hamiltonian without infrared cutoff has indeed no ground state in the Fock space for fixed total momentum different from zero [Fr] [Ch] . We stick therefore to the more pragmatic choice c → ∞.
The states which we define through the dressing transformation U ε in equation (27) should be considered approximate dressed states valid for small velocities of the particles.
The Hamiltonian H c assumes a similar form if we consider it on the long time scale defined by c 2 . Putting
we get indeed
where
where B ϕ := ∇ × A ϕ and we normal order the quadratic term. Applying Davies scheme one gets in the end ( [Sp] , theorem 20.5)
where (κ ⊗ κ) ij := κ i κ j and κ := k/|k|.
V darw gives rise to a correction of electromagnetic origin to the mass of the particles and to a velocity dependent potential, called the Darwin term. It already appears in classical electrodynamics when the dynamics of the particles are expanded up to terms of order (v/c) 2 (see, e. g., [Ja] or [LaLi] ).
For the convenience of the reader and to ease the comparison with the results for the limit of heavy masses we give a formal derivation of this theorem in appendix A.
We note here that the method employed in the weak coupling case forces one to consider as initial condition for the field just the Fock vacuum, which contains no photons at all. There is therefore no analogy with the physical picture that every particle should be described by a "dressed state", loosely speaking the particle itself dragging with it a cloud of "virtual" photons.
The situation is different in the case m j → ∞, which is more conveniently studied adopting unities where c = 1. Replacing m j by ε −2 m j we get then the Hamiltonian
where we have indicated withp j the ε-momentum of the jth particlê
As already pointed out talking about the classical case, the dynamics have to observed over times of order O(ε −1 ). This is necessary in order to see non trivial effects, because we consider initial states with bounded kinetic energy. Since the particles have a mass of order O(ε −2 ) this means that their velocity is in the original time scale of order O(ε).
To analyze the limit ε → 0 we construct a unitary dressing transformation U ε : H → H , which allows us to define dressed states for small velocities of the particles and to introduce a clear notion of real and virtual photons. More precisely, in the new representation defined by U ε , the vacuum sector H p ⊗Ω F correspond to states of dressed particles without real photons, while in the original Hilbert space a state with M real photons is a linear combination of states of the form
where Q M denotes the projector on the M-particles subspace of the Fock space.
In short, we will show that the subspaces P ε M H are approximately invariant for the dynamics defined by H ε on times of order O(ε −1 ). Moreover, on this time scale we will give effective dynamics for states inside such a subspace, with an error of order O(ε 2 log(ε −1 )). The effective dynamics contain the Darwin correction described in (15), but no spin dependent term. One can get an idea of why this happens comparing the expression of H ε with that of H λ , equation (17) and (9). In H ε the spin dependent term is of second order, while in H λ is of the first one. In the limit ε → 0 the analogue of V spin would be of order O(ε 4 ), therefore it does not appear in an expansion of the time evolution till second order. Finally we compute the leading order part of the state which makes a transition between P ε 0 and P ε 1 , which corresponds to the emission of one real photon. The corresponding radiated energy is given by a quantum analogue of the Larmor formula.
The procedure to construct the unitary U ε is explained in detail in [TeTe] for the Nelson model. The technique used is based on space-adiabatic perturbation theory [Te] , a method which allows to expand the dynamics generated by a pseudodifferential operator with an ε-dependent semiclassical symbol.
The main difficulty in all models concerning the interaction of particles with a quantized field of zero mass is that, because of soft photons, the principal symbol of the Hamiltonian has no spectral gap, which is a condition required to apply the methods of [Te] . In the case of H ε we have indeed
For every fixed (p, q) this is an operator on F and has a ground state given by Ω F , at the threshold of the continuous spectrum. The corresponding eigenvalue
is the symbol of an Hamiltonian acting just on H p and describing the particles interacting through the smeared Coulomb potential. The trouble connected to the absence of the spectral gap is solved by introducing an effective gap, considering the Hamiltonian H ε,σ where the form factorφ (see equation (1)) is replaced byφ σ (k) := (2π) −3/2 for σ < |k| < Λ, 0 otherwise.
Proposition. (see proposition 3)
Suppose that the cutoff σ is a function of ε, σ = σ(ε), such that σ(ε) < ε 2 , then
is the domain of the free Hamiltonian
with the corresponding graph norm. Fixing σ, e. g., as a sufficiently high power of ε we can then replace the original dynamics with infrared cutoff ones.
For H ε,σ it is possible to build a dressing operator U ε,σ which can be expanded in a series of powers of ε with σ-dependent coefficients which are at most logarithmically divergent. Using it we define the dressed Hamiltonian
which can be expanded in a series of powers of ε in L(H 0 , H ), with coefficients which are also at most logarithmically divergent in σ. The different coefficients in the expansion correspond to different physical effects which can be now clearly separated according to their order of magnitude in ε.
The first result we find, as we already mentioned above, is that the dressed M-photons subspaces are approximately invariant for the dynamics:
Theorem. (see corollary 2).
Given a χ ∈ C ∞ 0 (R) and a function σ(ε) such that
The adiabatic decoupling which guarantees the invariance of the subspaces holds uniformly only on states in which the particles have a uniformly bounded kinetic energy. For this reason we introduce a cutoff function on the total energy χ, which gives rise automatically to a bounded kinetic energy for the slow particles.
In the following we assume that the function σ(ε) has been fixed so that (25) is satisfied. One can then approximate the dynamics of the particles inside each almost invariant subspace.
Theorem. (see theorem 6).
Let S be a bounded observable for the particles, S ∈ L(H p ), and ω ∈ I 1 (P ε M χ(H ε )H ) a density matrix for a mixed dressed state with M free photons, whose time evolution is defined by
We have then
where δ M 0 = 1, when M = 0, 0 otherwise, and
Remark 1. The effective Hamiltonian is infrared regular and, as we briefly mentioned above, it contains the corrections to the mass of the particles and the Darwin term, but no spin dependent term (compare with theorem 1). This topic is further discussed in the proof of theorem 5 and in remark 4.
Since the subspaces P ε M are only approximately invariant, there is a piece of the wave function which "leaks out" in the orthogonal complement. This correspond physically to the emission or absorption of free photons. For a system starting in the dressed vacuum the leading order of the wave function of the emitted photon is given in the next theorem.
Theorem. (see corollary 3).
Up to terms of order O ε 2 log(σ(ε) −1 )(|t| + |t| 2 ) , the radiated piece for a system starting in the dressed vacuum (M = 0) is given by
where e λ (k) is the polarization vector of a photon with helicity λ, 
Remark 2. As explained in detail in remark 5, generically the norm of the radiated piece is bounded below by O ε log(εσ(ε) −1 ) , which means that the subspace P ε 0 is near optimal, i. e. the transitions are at least of order O ε log(εσ(ε) −1 ) . Note that, like in classical electrodynamics, when all the particles have the same ratio of charge to mass, the leading order of the radiated piece vanishes, because D is then proportional to the position of the center of mass, whose acceleration is zero.
Remark 3. Even though the radiated wave function has no limit when ε → 0,
, the corresponding radiated energy has a limit. Defining
we get to the leading order (see remark 6)
In the case of the Nelson model analogous results are proved in [TeTe] , which contains also a detailed discussion of the adiabatic framework. The form of the effective dynamics is equal, the only difference, as one can expect, is in the radiated piece, which contains here explicitly the helicity of the photon. Another difference is that the principal symbol of the Pauli-Fierz Hamiltonian, defined in (19), is diagonal with respect to the Fock projectors Q M , while for the Nelson Hamiltonian one needs a dressing transformation already at the leading order. This makes the analysis of the Pauli-Fierz case somewhat less technical.
The effective dynamics for M = 0 (dressed vacuum) was calculated by Spohn ([Sp] , section 20.2) in the case when the photon has a small mass, m ph > 0, which introduces a gap in the principal symbol of the Hamiltonian. He however states that these effective dynamics are identical with the ones calculated for the case c → ∞, while we have already remarked that the spin dependent term cannot be present when ε → 0. In the case m ph > 0, moreover, the transitions between the almost invariant subspaces become smaller than any power of ε and therefore it is not known how to get an explicit expression for them.
The Pauli-Fierz Hamiltonian has also been extensively studied to get informations about its spectral and scattering structure. Not pretending to be exhaustive, we refer the reader interested to these aspects to [BFS] , [DeGe] , [FGS] , [GLL] and references therein.
In section 2 we complete the description of the model and discuss the approximation of the original dynamics through infrared cutoff ones. In section 3 the construction of the dressing operator U is discussed, and applied in section 4 to the study of the dressed Hamiltonian. The main results on the effective dynamics and the radiated piece are contained in section 5. Finally, appendix A contains a sketch of the proof of theorem 1, for the case c → ∞.
Preliminary facts
In this section we elaborate on the definition of the Pauli-Fierz model and discuss some preliminary facts like the self-adjointness of the Hamiltonian and the approximation of the original dynamics through infrared cutoff ones.
Fock space and field operator
(The proofs of the statements we claim can be found in ([ReSi 2 ], section X.7)).
We denote by F fin the subspace of the Fock space, defined in (7), for which Ψ (M ) = 0 for all but finitely many M. Given f ∈ L 2 (R 3 × Z 2 ), one defines on F fin the annihilation operator by
The adjoint of a(f ) is called the creation operator, and its domain contains F fin . On this subspace they satisfy the canonical commutation relations
Since the commutator between a(f ) and a(f ) * is bounded, it follows that a(f ) can be extended to a closed operator on the same domain of a(f ) * . On this domain one defines the Segal field operator
which is essentially self-adjoint on F fin . Moreover, F fin is a set of analytic vectors for Φ(f ). From the canonical commutation relations it follows that
Given a self-adjoint multiplication operator by the function ω on the
where L means "finite linear combinations of".
On F ω,fin we define the second quantization of ω, dΓ(ω), by
which is essentially self-adjoint. In particular, the free field Hamiltonian H f acts as
and is self-adjoint on its maximal domain. From the previous definitions, given f ∈ D(ω) ⊗ C 2 , one gets the commutation properties
The Pauli-Fierz model
Using the Segal field operator one can write the quantized vector potential and the magnetic field appearing in (8) as
where e λ (k), λ = 1, 2, are, for simplicity, real photon polarization vectors satisfying
The smeared Coulomb potential is given by
e j e l
Analogous expressions hold for the infrared cutoff Hamiltonian H ε,σ , where the form factorφ is replaced byφ σ .
To separate more clearly the terms of different order in the Hamiltonian H ε , equation (17), it is useful to write it as
ε i is of order O(1) when applied to functions of bounded kinetic energy. The coefficients for H ε,σ will be denoted byĥ ε,σ i . As proved by Hiroshima [Hi] using functional integral techniques the Hamiltonian H ε (and analogously H c ) is self-adjoint on H 0 for every value of the masses, charges and number of particles. Since however we study the limit ε → 0 (respectively c → ∞) it is enough for our purposes to show this using Kato theorem, like, e. g., in [BFS] .
Even though the proof is well known, we repeat it because we need to show that the graph norms which appear are equivalent uniformly in ε and σ. Moreover, the estimates which appear in the proof will be useful in propositions 3 and lemma 1.
Given f ∈ L 2 (R 3 × Z 2 ), we define
One has then the basic estimate Proposition 1.
where We choose a vector Ψ in a core of H ε 0 made up of smooth functions with compact support both in x and k.
For the term of order ε we get then
so for ε sufficiently small this term is Kato small with respect to the free Hamiltonian, with a constant uniformly bounded in ε and σ. An analogous estimate holds for the term with the magnetic field. For the remaining one we have
which completes the proof.
Proof. From the previous proposition we know that both Hamiltonians are self-adjoint on H 0 , so, given Ψ ∈ H 0 , we can apply Duhamel formula to get
Putting Ψ s := e −isH ε /ε Ψ, the difference of the two Hamiltonians is
Using the explicit expression (45), the term with the Coulomb potential gives
For the term of order ε, proceeding as in the proof of proposition 2 we get that
From the same proposition it follows that the graph norm associated to H ε 0 and the one associated to H ε are equivalent uniformly in ε and σ, therefore
The same reasoning holds for the term containing the spin, which has however a |k| more, which gives in the end
Concerning the last term we have
Using again the basic estimate in proposition 1 we get, for example,
by the same reasoning we used for the terms of order ε.
Proof. Using the Hellfer-Sjöstrand formula (see, e. g., [DiSj] chapter 8), given a self-adjoint operator A, we can write
where χ a ∈ C ∞ 0 (C) is an almost analytic extension of χ, which satisfies the properties
(For the explicit construction of such a χ a see [DiSj] ). Applied to our case (58) yields
Since both Hamiltonians are self-adjoint on H 0 we have
and hence
In addition we have that
This follows because H 0 is dense in the domain of H ε=0,σ=0 , and for every
According to theorem VIII.25 [ReSi 1 ], this implies that
Ψ is bounded for every Ψ and the uniform boundedness principle gives (60).
For the second norm we find that for z ∈ supp χ
The right-hand side was already estimated in the previous proposition (see equation (52) and the following calculations), the only difference being that here we have to multiply the final result by ε.
Construction of the dressing operator
In this section we construct the unitary dressing operator U ε,σ . We apply to the Pauli-Fierz Hamiltonian the general procedure explained in some detail in [TeTe] and, for the case with spectral gap, in [Te] . All the calculations expounded in section 3.1 are formal, and they serve as a guide for the rigorous definition of U ε,σ given in section 3.2.
The formal procedure
The main idea is to build an approximate projector,π
(1) , which satisfies formally
Integrating over time the second equation one gets in a loose sense that
(1) is found using an iterative procedure, which assumes that one can expand it in powers of ε,
where the coefficientπ 0 is a known input and must commute with the coefficient of order zero in the expansion of the Hamiltonian H ε , see equation (46). As it turns out, the procedure does not work directly for H ε , but only for the infrared cutoff Hamiltonian H ε,σ . An obvious choice forπ 0 isπ
Proceeding now in the same way as described in [TeTe] we get a formal expression for the first order almost projection given bŷ
For brevity, we put from now on
It is clear from equation (61) that
M is also almost invariant for the total dynamics, in the sense that [π
To justify this claim we note that
To analyze in a simple way the restriction of the dynamics to the subspace defined byπ
(1) M one builds an almost unitary U
(1) , which maps the almost projections to a reference projection up to terms of order O(ε 2 ). Using the formal expression we get for U
(1) , we will define in next section a true unitary operator which will allow us to construct a rigorous version of the almost projectionsπ
A natural choice for the reference projections, linked to the physics of the system, is to choose them equal to the Q M s. We assume then that also U
( 1) can be expanded in powers of ε, U
(1) := 1 + εU 1 ,
. This ensures that
To determine U 1 we impose that U (1) intertwines the almost invariant projections with the reference projections Q M up to terms of order O(ε 2 ):
The left-hand side gives
so we can choose
Rigorous definition
To get a well-defined unitary operator from the formal expression for U (1) we first cutoff the number of photons in the field operator Φ j,σ , replacing it by
where L is fixed, but otherwise arbitrary.
We introduce then a cutoff in the total energy, to cope with the unboundedness of the momentum of the electronsp j . This reflects the fact that the adiabatic approximation holds uniformly only on states where the kinetic energy of the slow particles in uniformly bounded.
More precisely, given a function χ ∈ C ∞ 0 (R), we define
where we have defined
Note that it follows from the Coulomb gauge condition that U
Lemma 2.
For each
and, for σ small enough,
Given α ∈ N 3 with |α| > 0, it holds instead
is a well-defined bounded operator on H .
The statements of point 1 (except for the self-adjointness of
Proof. The proof of both statements follows from the facts that
and that
Lemma 3. The operator U
L,χ is closable and its closure, which we denote by the same symbol, belongs to
which is clearly bounded. This shows that χ(H ε,σ )Φ L j,σ ·p j is closable and its closure belongs to L(H ).
The same reasoning can be applied to the operator
which shows that U
L,χ is also in L(H 0 ). The estimate on the norm follows now from the estimate on the norm of Φ L j,σ given in lemma 2. Theorem 2. Assume that σ = σ(ε) satisfies the condition
then the operator
is well-defined and unitary, for ε small enough.
, with the property that
where C is independent of ε and σ.
Moreover we can expand them in powers of ε and the corresponding series converges both in L(H ) and L(H 0 ).

Proof. It follows from equations (65) and (67) that, defining
we have then
From this expression we get immediately that
so, choosing ε small enough, we have that ε 2 T 2 σ(ε) L(K ) < 1, therefore the square root is well-defined, and can be expressed through a convergent power series in L(K ):
From standard calculations it follows in the end that U is unitary on H .
The dressed Hamiltonian
We define the dressed Hamiltonian as the unitary transform of H ε,σ ,
Since U is a bijection on H 0 , H ε,σ dres is self-adjoint on H 0 , and using the expansion of U on L(H 0 ), we can expand H ε,σ dres in L(H 0 , H ).
Theorem 3. Assume that σ = σ(ε) satisfies conditions (25). The expansion of the dressed Hamiltonian up to the second order is then given by
Proof. Applying equation (77), we get that
=:ĥ dres 0
where "(1 − χ) · · · χ" indicates that for every term containing χ · · · we have to add a corresponding term containing (1 − χ) · · · χ, as in equation (76). Using equation (53) to eliminate the σ, we get immediatelŷ
The commutator in the term of order ε gives:
therefore, taking into account equation (54),
We will show below that this term vanishes in the effective dynamics.
Concerning the terms of second order we have
where R L−1 is a term which vanishes on the range of Q j when j < L − 1. Using equation (38) to calculate the commutator of the two field operator we get in the end
The remaining term of second order gives,
Putting the calculations above together, and using equations (55) and (56), we get in the end
where the commutator [U (83) and (84). We will show below that only few of the terms written above contribute to the effective dynamics, giving the correction to the mass of the electrons and the Darwin term.
The effective dynamics
We quote without proof a number of lemmas, which, with minor modifications, are identical to the ones proved in [TeTe] .
Lemma 4. (see corollary 4 [TeTe])
Given a function χ ∈ C ∞ 0 (R) and a σ > 0, we have
and we can choose sup{|k| : k ∈ supp ξ} arbitrarily close to c ξ .
An analogous statement holds for the creation operator.
Lemma 5. Assume that σ satisfies conditions (25), then 1. Given a functionχ ∈ C ∞ 0 (R), we havẽ
where ξ has the properties described in lemma 4.
Moreover, we have that
whereχ is any
Proof. We give the proof just for point 1. The proof of point 2 is analogous and can be found also in ( [TeTe] , lemma 7). Proceeding as in lemma 1, we apply Hellfer-Sjöstrand formula and we get
Since both Hamiltonians are self-adjoint on the same domain we get, iterating equation (59),
The statement now follows from the explicit expression ofĥ ε,σ 1 using lemma 4. (92) for everyχ ∈ C ∞ 0 (R) such thatχχ =χ. Proof. Using lemma 5 we replace χ(H ε,σ dres ) with χ(ĥ ε 0 ), since the difference, being of order O(ε), is smaller than the error we want to prove.
Both Hamiltonians are self-adjoint on H 0 , therefore, applying Duhamel formula, we get:
Putting in the previous equation the expression ofĥ dres 1 , equation (82), and observing that we can replace, again by lemma 5, χ(H ε,σ ) with χ(ĥ ε 0 ), we get that the right-hand side is of order O( √ M + 1|t|ε log(σ −1 )). For the second estimate we apply again Duhamel formula, inverting the position of the unitaries, 
Proof. From the previous theorem it follows that
From the definition of H ε,σ dres , equation (78), we deduce therefore that
where we have used equations (51) and (57), the fact that χ(H ε ) ∈ L(H , H 0 ) with norm uniformly bounded in ε and equation (75).
Lemma 6. The truncated dressed Hamiltonian
Proof. The proof follows from a symmetric version of the Kato theorem ([ReSi 2 ], theorem X.13).
Theorem 5. (First order approximation to the time evolution) Given a functionχ
The off-diagonal Hamiltonian is defined by
Remark 4. The spin term, as mentioned in the introduction, does not appear in the effective dynamics, even though it is apparently of order O(ε 2 ). This is due to the fact that it is off diagonal with respect to the decomposition of the Hilbert space associated to the Q M s and that the coupling function in the magnetic field, equation (43), goes to zero like |k| 1/2 when |k| → 0 + . This implies that the term is actually smaller than O(ε 2 ), as explained in the proof.
Proof. We split the proof into three parts. In the first one, we show that equation (94) is true with a diagonal HamiltonianH
and an off-diagonal oneh 2,OD defined bỹ
In the second part we prove that if one neglects the term
D , one gets an error of order O(ε 3/2 |t|) in the time evolution. Note that this term is exactly zero if the initial state for the field is the Fock vacuum.
In the third part, we prove analogously that we can replaceh 2,OD with h 2,OD .
More specifically, the terms which we neglect inH
D andh 2,OD give rise to higher order contributions to the time evolution, although their norm in L(H 0 , H ) is not small. This is caused by the fact that they are strongly oscillating in |k|, so that their behavior is determined by the value of the density of states in a neighborhood of k = 0. For all these terms, the density however vanishes for k = 0, uniformly in σ, and this implies that they are of lower order with respect to the leading pieces whose density is constant (for the terms in H (2) D ) or diverges logarithmically in σ (for the terms in h 2,OD ). We elaborate on this last observation in a corollary to this theorem.
We start showing that we can, up to the desired error, replace H ε,σ dres by H (2) dres . By lemma 6, H (2) dres is self-adjoint on H 0 like H ε,σ dres , therefore we can apply the Duhamel formula and use theorem 3 to get
Moreover, using lemma 5, we can replace
D is also self-adjoint on H 0 for ε sufficiently small (the proof can be given along the same lines of lemma 6), we apply again Duhamel formula,
To analyze the first term, we remark that, proceeding as in lemma 5, one can prove thatχ
dres /εĥdres
From equation (82) it followŝ
using lemma 5 twice and lemma 4. Concerning the second one, applying once again the Duhamel formula, we have
so we have to look at e
. Following a procedure already employed several times, we first observe that, in the expression for h 
We proceed now to show that we can replaceH Applying repeatedly Duhamel formula, and putting Ψ :
To streamline the presentation, we assume that M = 1, the calculations for M > 1 are basically the same, but more cumbersome. The integral gives therefore
Integrating by parts we get
where the commutator is of order O(ε) when applied to functions of bounded kinetic energy, so that the right-hand side is uniformly bounded in ε.
We have now to put this expression back in (99) and estimate the single terms. We show how to do this for the first one, the others being entirely analogous. We ignore the unitary on the left, which does not change the norm, so we have to consider
Using twice the Cauchy-Schwarz inequality we get
We proceed now to examine the last three terms in (98) to show that they can be neglected.
The second and the third term are a sum of terms of the form
where the function g ≃ |k| α , |k| → 0 + , with α = −1/2 or +1/2, andT is a Pauli matrix, or the product of two momentum operators.
For a term of this form we get then, putting again Ψ :
Expression of this type have already been estimated in ( [TeTe] , theorem 4). For convenience of the reader, we give the proof for the annihilation part, referring to [TeTe] for the creation part, which is entirely analogous.
The left integral gives
The same analysis can be carried out for the remaining term
The proof is identical to the one given in ( [TeTe] , theorem 4) for a similar term appearing in the case of Nelson model, and depends as above on the fact that v x j (λ, k) ≃ |k| −1/2 , |k| → 0 + .
Corollary 3. At the leading order, the radiated piece (i. e. the piece of the wave function which makes a transition between the almost invariant subspaces) for a system starting in the Fock vacuum,
where x cl j is the solution to the classical equations of motion
This coincides with the leading order of the radiated piece corresponding to the original Hamiltonian H ε , for a system starting in the dressed vacuum,
Proof. Applying equation (94) for the case M = 0 we get at the leading order
where we have used Egorov's theorem to approximate e
(see, e. g., [Ro] ). To end the proof of the first statement we have to show that the norm of the first term is small. For the jth term in the sum we get
For the second statement we have
Remark 5. Denoting by
the operator acting on H p which appears in (101), the norm squared of the leading part of the radiated piece is
where a > 0 can be chosen arbitrarily small. The symbol of T t (k) is an ε-independent function, which for k = 0 is different from the null function
so T t (0) is different from the zero operator. We expect therefore that for a generic state ψ inf
In this case one gets as lower bound for the norm of the radiated piece
which is almost of the same order as the upper bound.
Remark 6. The radiated energy, defined in equation (33), can be written at the leading order as
where ψ is defined in (31). Using the expression for the radiated piece we get
where we have used the product formula for pseudodifferential operators (see, e. g., [Ro] ) and defined
The radiated power is then Proof. The proof follows from the following three facts:
1. the term of order ε in equation (94) 3. the following well known inequality,which holds for any Hilbert space H :
Theorem 6. Let S be an observable for the particles, S ∈ L(H p ), and ω ∈ I 1 (P ε M χ(H ε )H ) a density matrix for a mixed dressed state with M free photons whose time evolution is defined by ω(t) := e −itH ε /ε ωe itH ε /ε , 
Proof. First of all we observe that, using proposition 3 and lemma 1, we have Tr H S ⊗ 1 F ω(t) = Tr H S ⊗ 1 F e −itH ε,σ /ε ω σ(ε) · · e itH ε,σ /ε + O(σ(ε) 1/2 ) , where ω σ(ε) ∈ I 1 (P The transformed observable, using the definition of U and lemma 5, is given by
All the terms of order ε in the previous expression are off-diagonal with respect to the Q M s, and the same holds for the term of order ε in (94). Therefore, they all vanish when we calculate the trace. Using point 2 and 3 of last corollary we get then (104) with U ω σ(ε) U * instead of ω.
Using again lemma 1 and the fact that the terms of order ε in the expansion of U are off-diagonal we can in the end replace U by the identity and ω σ(ε) by ω.
A The limit c → ∞
In this appendix we sketch the proof of theorem 1. The reader can find additional discussions in [Da 1 ] and ( [Sp] , chapter 17 and section 20.2).
As remarked in the introduction, see equations (9)-(12), the limit c → ∞ has the form of a weak coupling limit, in which the weak interaction is observed over the long time scale τ = c 2 t. The corresponding physical interpretation is that the small system made up of the particles interacts with an environment (the quantized field) which is traced out to analyze the dynamics of the small system only.
The mathematical framework, as explained in [Da 1 ], whose notation is employed in this appendix, considers the Banach space To implement these ideas mathematically one defines a projection on the particles states, In the following we denote for simplicity P E,L 0 simply by P 0 . Moreover we put P 1 := 1 − P 0 and, given an operator A, we denote by A (ij) := P i AP j . The dynamics of the particles are given then by We denote by U λ t the diagonal evolution ) .
Applying Duhamel Formula and noting that L Spelling out the terms in K 1,1 and formulating the result in H instead that in B one gets theorem 1.
